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Drawdowns generated by extracting water from large diameter (e.g. water supply) well are affected by
wellbore storage. We present an analytical solution in Laplace transformed space for drawdown in a
uniform anisotropic aquifer caused by withdrawing water at a constant rate from partially penetrating
well with storage. The solution is back transformed into the time domain numerically. When the pump-
ing well is fully penetrating our solution reduces to that of Papadopulos and Cooper (1967); Hantush
(1964) when the pumping well has no wellbore storage; Theis (1935) when both conditions are fulfilled
and Yang (2006) when the pumping well is partially penetrating, has finite radius but lacks storage.
Newly developed solution is then used to explore graphically the effects of partial penetration, wellbore

storage and anisotropy on time evolutions of drawdown in the pumping well and in observation wells.
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We concluded after validating the developed analytical solution using synthetic pumping test.
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1. Introduction

When water is pumped from a large diameter (e.g. water sup-
ply) well drawdown in the surrounding aquifer is affected by tem-
poral decline in wellbore storage. An analytical solution accounting
for this effect under radial flow toward a fully penetrating well of
finite diameter with storage was developed by Papadopulos and
Cooper (1967). A corresponding solution without wellbore storage
was presented earlier by van Everdingen and Hurst (1949) and
later, in elliptical coordinates, by Kucuk and Brigham (1979).
Mathias and Butler (2007) extended the solution of Kucuk and
Brigham (1979) by adding wellbore storage and horizontal anisot-
ropy. Their solution utilized Mathieu functions in Laplace trans-
formed space and numerical inversion of the result into the time
domain. Yang (2006) extended the solution of van Everdingen
and Hurst (1949) by allowing the pumping well to be partially pe-
netrating. Dougherty and Babu (1984) developed an analytical
solution for a pumping well with storage in a confined double
porosity reservoir. Their solution can be reduced to that for a single
porosity confined aquifer but ignores anisotropy. None of the
available analytical solutions account simultaneously for aquifer
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anisotropy, partial penetration and storage capacity of the pump-
ing well under confined aquifer conditions.

Moench (1997, 1998) developed an analytical solution for flow to
a pumping well with storage in a uniform anisotropic unconfined
(water table) aquifer. Following similar approach, we present a
new solution for radial flow to a partially penetrating well of finite
diameter with storage in an anisotropic confined aquifer. Whereas
Moench (1997, 1998) used Fourier cosine series in Laplace trans-
formed space we employ Laplace transformation with respect to
time followed by finite cosine transformation with respect to verti-
cal coordinates. The presented solution reduces to that of Papadopu-
los and Cooper (1967) when the pumping well is fully penetrating,
Hantush (1964) in the absence of wellbore storage, Theis (1935)
when both conditions are fulfilled, and Yang (2006 ) when the pump-
ing well is partially penetrating, has finite radius but lacks storage.
We use our solution to explore graphically the effects of partial
penetration, wellbore storage and anisotropy on time evolutions
of drawdown in the pumping well and in observation wells.

2. Theory
2.1. Problem definition

Consider a well of finite radius r,, that is in hydraulic contact
with a surrounding confined aquifer at depths d through [ below
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the top (Fig. 1). The aquifer is horizontal and of infinite lateral ex-
tent with uniform thickness b, uniform hydraulic properties and
anisotropy ratio Kp = K,/K, between vertical and horizontal
hydraulic conductivities, K, and K;, respectively.

Initially, drawdown s(r,z,t) throughout the aquifer is zero
where r is radial distance from the axis of the well, z is depth below
the top of the aquifer and t is time. Starting at time t = 0 water is
withdrawn from the pumping well at a constant volumetric rate Q.
Consider the bottom of the well to be impermeable and ignore flow

beneath it. Then drawdown distribution in space-time is
controlled by

»’s 10s s . 0s

A Z =S5 <z<
K <3r2+rar>ﬂ<sc‘922 Spp 0szsh (1)
along with initial and far-field boundary condition
s(r,z,0) =5(00,2,0) =0 1 =1y, (2)
no-flow condition at top and bottom impermeable boundaries
%—OZ_Oandz_b, r> T, 3)

the wellbore storage mass-balance expression assuming constant
flux across screen (see Zlotnik and Zhan, 2005 for discussion of this
assumption’s validity)

0s s
2n(l— d)K,ry, (ar) - —Cy (E) . =-Q d<z<l|, (4)

and the no-flow condition at the portion of the well casing that is

not open to the aquifer

r<g>:00<z<d&l<z<b (5)

where C,, is wellbore storage coefficient (volume of water released
from well storage per unit drawdown in it).

2.2. Solution in Laplace space

We show in Appendix A that the Laplace transform of the solu-
tion, indicated by an overbar, is given by
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where

Ip = r/b,zD = Z/b7 Twp = T'w/T, Cup = Cw/(nssrfv),du = d/b, Ib= l/b,

¢n =1/Pp/tp +[i2n2n2,tp =ast/r?, 05 = K, /Ss, Ss is specific storage,

B =rpK}?,pp = pt,p is Laplace parameter, Ko, and K; are second-
kind modified Bessesl functions of order zero and one, respectively.
A corresponding solution in time domain s(rp,zp, tp), is obtained
through numerical inversion of the Laplace transform by means of
an algorithm due to Crump, 1976 as modified by de Hoog et al.,
1982. Whereas standard inversion with respect to p is done over
a time interval [0,t], here the inversion is performed with respect
to pp, over a unit dimensionless time (corresponding to p;!) interval
[0,1], regardless of what tp is.

2.3. Vertically averaged drawdwon

Drawdown in a piezometer or observation well that penetrates
the aquifer between dimensionless depths zp; =z;/b and
Zpy = 7 /b at a dimensionless radial distance rp from the pumping
well (Fig. 1) is obtained by averaging the point drawdown over this
interval according to

] ~Zp)
/ (o 20, Pp)d2p. )

L ("o, pp) = Zo2 — Zp1
D1

Substituting (6) into (7) and evaluating the integral gives
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Fig. 1. Schematic representation of confined aquifer geometry.
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3. Reduction to other solutions
3.1. Reduction to solution of Papadopulos and Cooper (1967)

When the pumping well is fully penetrating Ip = 1,dp = 0 and
(6) reduces to the corresponding Laplace domain solution of Pap-
adopulos and Cooper (1967),

ATKD | Po ™ TunpoKi (rwn o)+ S 120 $2Ko (Fwn o)

g(rD', pD)

3.2. Reduction to solution’s of Yang (2006); Hantush (1964) and Theis
(1935)

When the pumping well has finite diameter (r,,#0) but negligi-
ble or no wellbore storage (Cyp — 0), (6) reduces to the solution of
Yang (2006) in Laplace space,

Qt {2 Ko(o) 4 f)

S0 20:Pb) = 225\ Do TomdoK1 (rende)  Porilln — dp) 2

y Ko(¢o)[sin(nzlp) — Sin(nﬂ?do)]COS(nﬂ:zD)}
nrwp @K (Twp @y
When the pumping well has small diameter (r, — 0), (6)

reduces to Hantush (1964) solution in Laplace space due to the fact
that xK; (x) — 1 and x?Ky(x) — 0 as — 0,

(10)

n=1

- o 2 4 &
5(rp,zp,pp) = 4nK,b {pDKO(%) +131372
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It is well established and easily verified that the latter in turn
reduces to the Theis (1935) solution in Laplace space when the
pumping well becomes fully penetrating (dp = 0,1l = 1),

Qt { 2

S(10,20.P0) = 10 cKolo) | (12

4. Results and discussion

To investigate the effect of partial penetration, wellbore storage
and anisotropy on drawdown we consider a pumping well of
dimensionless radius r,,/b = 0.02.

4.1. Drawdown in pumping well

We start by considering drawdown in a pumping well (rp =
rw/b) penetrating the upper half (dp =0,lp = 1) of an isotropic
aquifer with Kp = 1. Fig. 2 compares the variation of dimensionless
drawdown sp(rp,2p,tp) = (4nK:b/Q)s(rp,z4,tp) in the pumping
well with dimensionless time t; using different analytical solutions
when C,p = 1.0 x 10%. At early time water is derived entirely from
wellbore storage, rendering dimensionless drawdown linearly pro-
portional to dimensionless time (forming a line with unit slope on
log-log scale); solution presented here and that of Papadopulos
and Cooper (1967) reflect this clearly. Solutions that do not ac-
count for wellbore storage predict a much earlier rise in draw-
down. Whereas the Papadopulos and Cooper (1967) solution
approaches that of Theis (1935) at later dimensionless time, pre-
sented solution approaches that of Hantush (1964) as the effects
of finite radius and wellbore storage dissipate. The solution of Yang
(2006), which considers only the first effect, exhibits an earlier rise
in dimensionless drawdown than do any of the other solutions,
eventually coinciding with that of Hantush (1964). Dimensionless
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Fig. 2. Dimensionless drawdown in pumping well versus dimensionless time,
computed by various analytical solutions when C,p = 1.0 x 10%,dp = 0.0,lp = 0.5
and Kp = 1.0.

ARBLLL B AL B B e e muu{ T
[ ot = P Sl
107k A= 7 7
2 F LA :
PRI A b R d £ |
2 f: o 7 e El
2 F ’ A 3
ks] 5 , V. ’ ]
2 10" LS Z ’
= E s 7 7 el
E é , E
[a) F K y 4 ’ 3
2 . ,.~’ 1 , O |m—_——— Hantush [1964] -
9] X . d
= 10 Es T /' ’ Yang et al. [2006]3
.S gt / K s :
z - p; . —————— C,p=10° il
S 107 14 e -10° 2
g N K C,, =10 E
B=i E 4 3
a EoT - R — - C,=10' :
) ’ )
107 /( 7 Cop= 10" 3
P 4 -2 3
2 P Cyp=10 3
C , ]
10-5 vl e v vl v il 3l L wmx |
10 10" 10 100 100 100 10 100 10° 10

Dimensionless Time (t)

Fig. 3. Dimensionless drawdown in pumping well versus dimensionless time for
various values of dimensionless wellbore storage C,, when dp = 0.0,I, = 0.5 and
Kp=1.0.

drawdown in the pumping well at late dimensionless time exceeds
that predicted by solutions which ignore partial penetration.

Fig. 3 shows how dimensionless drawdown in the pumping well
varies with dimensionless time tp for different values of the dimen-
sionless wellbore storage coefficient, Cyp. As with the solution of
Papadopulos and Cooper (1967), the larger is C,p the longer does
wellbore storage impact drawdown in the pumping well. As Cyp
diminishes presented solution approaches that of Yang (2006).

4.2. Drawdown in piezometer

Fig. 4 shows dimensionless time-drawdown variations at
dimensionless radial distance rp = 0.2 from the axis of the pump-
ing well and dimensionless elevation zp = 0.5 (midway between
the horizontal no-flow boundaries) for different values of Cy,p
under the above conditions. When C,p is large, the early dimen-
sionless time-drawdown curve on log-log scale is nearly linear
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Fig. 4. Dimensionless drawdown at zp = 0.5 and rp = 0.2 versus dimensionless
time for various values of dimensionless wellbore storage C,p when Ip = 0.5 and
Kp =1.0.
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Fig. 5. Dimensionless drawdown at zp = 0.5 and rp = 0.2 versus dimensionless
time for various screen lengths I, when C,p = 1.0 x 10?,dp = 0 and Kp = 1.0.

with a unit slope, reflecting a strong effect of storage in the pump-
ing well on early drawdown in a nearby piezometer. As Cyp dimin-
ishes this effect becomes less discernible, the curve becoming
nonlinear and steeper. The curve tends asymptotically toward
the solution of Yang (2006), which in turn is very close to that of
Hantush (1964) due to the small dimensionless radius we have as-
signed to the pumping well in our example.

Fig. 5, corresponding to the case where C,p = 1.0 x 10%, shows
that dimensionless drawdown at rp = 0.2 and zp = 0.5 increases
when the pumping well is extended to the aquifer bottom
(dp =0.0, Ip = 1.0 below the observation point) but decreases
when this well becomes shallower; a similar trend is reflected in
the solution of Hantush (1964). Reducing the ratio Kp between ver-
tical and horizontal hydraulic conductivity in the case of a well that
is shallower than the observation point (dp = 0.0, Ip = 0.25) like-
wise causes dimensionless drawdown at this point to diminish
(Fig. 6).
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Fig. 6. Dimensionless drawdown at zp = 0.5 and rp = 0.2 versus dimensionless
time for various anisotropy ratios Kp = K,/K,when C,p = 1.0 x 102,dp = 0.0 and
Ip =0.25.
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Fig. 7. Dimensionless drawdown versus dimensionless time at zp = 0.5 and various
values of rp = r/b when Cyp = 1.0 x 10°,dp = 0.0, = 0.25 and K = 1.0.

Fig. 7 illustrates the impact of dimensionless radial distance
from the pumping well on dimensionless time-drawdown at
zp = 0.5 when dp = 0.0, Ip =0.25,Kp =1 and Cyp = 1.0 x 10°. As
this distance increases the effects of both wellbore storage and
partial penetration diminish, the dimensionless time-drawdown
response in the aquifer approaching that predicted by Theis (1935).

5. Summary and conclusion

A new analytical solution has been developed for a partially
penetrating well of finite diameter with storage pumping at a con-
stant rate from an anisotropic confined aquifer. Our solution uni-
fies the solutions of Papadopulos and Cooper (1967); Hantush
(1964); Theis (1935) and Yang (2006) by accounting simulta-
neously for aquifer anisotropy, partial penetration and wellbore
storage capacity of the pumping well under confined conditions.
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We used our solution to explore all three effects. Reducing the
anisotropy ratio causes drawdown in the aquifer to decrease.
Whereas the effect of partial penetration decreases with increasing
distance from the pumping well, that of wellbore storage dimin-
ishes with distance and time.

Appendix A. Laplace transformed drawdown for confined
aquifer

Introducing a new variable 1 = r(K,/K,)"/? = rK}/* and taking
Laplace transform (1)-(5) gives

s 105 95 S

W+F%+@7K—ip§ 0<z<b (A1)
subject to
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Defining the finite cosine transform of (', z, p) as (Churchill, 1958,
p. 354-355)
b
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0
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with inverse

(r',0,p) + %ii(r’, n,p)cos(nmz/b) (A7)
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Hence finite cosine transformation of (A.1)-(A.5) leads to
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The general solution of (A.9) is
S.(1r',n,p) = AKo(Nr') 4 Blo(Nr) (A12)

where N? = 2+ (nm/b)* Iy and K, being modified Bessel func-
tions of first and second kind, respectively, and of zero order. By vir-
tue of (A.10) B = 0. Substituting this and (A.12) into (A.11), noting
that 9Ko(Nr')/or' = —NK;(Nr"), solving for A and substituting back
into (A.11) yields

Q  (b/nm)[sin(nnl/b) — sin(nnd/b)]

S P) = = d)K,Nr K, (NT) + pCako(Nr,) <0
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Noting that
. _[,sin(nzml/b) sin(nmd/b)]
lim | nnl/b~ ~ nnd/b } =l-d (A-14)
one gets

Ko(1'y/
5.(,0,p) :% (y5) (A15)
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This allows obtaining the inverse Fourier cosine transform of (A.13),

1Q K”@&)
bKip aur, [k (i fes) + 220 Ko (i fels)
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2271 d)K.Nr, K1 (Nr,,) + pC,Ko(Nr,)
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5(r',z,p)

b K.p
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Recalling that r’ = rK}/* and rewriting (A.16) in dimensionless form
yields (6).
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